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Dynamic Analysis of Harmonically Excited Non-Linear 
System Using Multiple Scales Method 

Byung-Young Moon*, Beom See Kang 
Department o/ '  Aet:ospace Et~g#~eer#~g Bus-a,~ Natioe~a/ Ut~iVersity, 

(}'zm?j~g~k~ B~saei 6~N-735, Korea 

An analyt ical  m e t h o d  ~s presented  [br e v a l u a t i o n  o f  @e s teady s tate  per iod ic  behavio~ of  

n o n l i n e a r  sys tems,  Th i s  m e t h o d  is based on  the  s u b s t r u c t u r e  syn thes i s  f b r m u l a t i o n  a nd  a MS  

( n m k i p i e  scales) p r o c e d u r e  wh ich  is appl ied  ~o @e rana/ysls o f  nonlh~ear  r e s p o n s e s  Fhe  

p roposed  p~ocedure  reduces  the  size of  iarge  degrees o f  f l eedom p r o b l e m  in s o h 4 n g  ~ o n l i n e a r  

equa t ions .  Fea s ib i l ky  and  advan t ages  oF d'/e p ropose d  m e t h o d  are i l lus t ra ted wi th  d~e n o n l i n e a r  

rotating machine y s t e m  as an  example  Of large  m e c h a n i c a l  s t r u c t m e  s y s t e m s  I n  addi t ion ,  :i~s 
efficiency t b r  non l inea r  ~:esponse pred]ct io~ will be  s h o w n  b y  c o m p a r i s o n  oF o ther  c onve n t i ona l  

methods ,  
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Des ign  el: System 

1~ [n~reduet ion 

tn ~ecem years,  mdus t r iM mach ine s  Lbaed [o [  

{ h e  ~,H5 iLIFDII~C bOF pFopLHN/OKI o~ ~I1 a ] r c r a [ ~  

pov, ,er  p h m  illrbJne ete ~rend ~o~ard  higa- speed 

and  I ~htwe~gh@ur. which ma} cause  the  ~rouble 

a f n o n l i n e a r v i h r a { ~ o n  Vibra t ion  a n a [ } s i s o f s u c h  

rolol sysiem> ~s o e ~ o r m e d  usual ly  k,y me  k ~ M  

b u m e  Elemem Method  a~th h n e a r  m o d e l  

W h e n  large ampl i tude  vibraficw occurs  however .  

n ( m l m e a r  char tcterlstics of  the rotor  sysmm~ a i m  

complexHy can no[ be represented s m p l y  with 

l inear  -m[r~a an(~ d o c m p m g  coefl'icienls. ['he~e~. 

l)r~ H ~> necessar,e H', investigate ihe n o n l i n e a r  

cllaracteris~ics m v i b r a m m  ana[ys~s and  design of  

r o H ~  sys~el'ns, t ) n  lhe oilier hand.  , high spee~ 

rcm-,r 5ysmm used fi?r d]e gas tu rb ine  Ibr pro- 

an/sHin ,,, an drcrafl power  ~)[ar/~ /u rb ine  e{c 

~_ orrctpondmg Mahor 
~,~maH l'~K}olli'* 2t~W [lat lmaHalt?!  

| 'EI bS2-5{ > m  3442 FAX v., < 5[ { ~Tf~{} 
{)~parlmenl ( l~er{~space K~lg{ncering. Busan National 
Univetsilv. v,um+un+, at+ gusal t~u'~ ~q Korea 
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p rompt ly  pass a cr i t ica |  soeed. AccordinglF the  

cas ing  ~ often mt~deJed elast ical ly ~o decrease 

the  crifica! speed Vibrat  on reduced in the roto~ 

bear ing  cas ing  svsmm ma> make  fl~e casin~ con-  

l a d  [he re{OF and  lhen ei\,e rise to dama.~:es ~ 

the bear ing  possibly [-hereiBre~ @e inves t iga t ion  

o~ me response  ~t ,~ r o t a d n g  mach ine  ~, very 

N>por{am or  s table ,,pera{~on. 1-o cons~ruc~ r M 

m a l h e m a ~ c a  model  m w bra t i on  ana~ys~s. <~y- 

n a m , c  charac ler i s l ics  o f  re ,or ,  bea rm~ a nn  cas ing  

shouh l  be invest igated 

For  efficie ~t V i e r a u o n  anab ' s t s  e r a  mechan ica l  

system with a laree n u m e e r  o f  DO}: '~ @e SSM 

(Subs t ruc lure  synlhes is  me lhod  ~las beeri s~u- 

died l w a t s u b o  e~ al 1998 and M o o n  e~ a~ 

( |999  200l p rcsemed  anMvdca~ me@ods  ~c 

ana|3/ .e  @ e  vibra t ion  of a nonI inea  re [or  bear-. 

m g  -casing sys tem by em ploying the permroa~ion  

mefl~od They cons idered  the non l inea r i ty  m ~he 

shaft a*~d bea r ing  pal l  a~d c o n s m e r e o  fl~e e{Ibc| 

o~ n o n l i n e a r  sensi{ivny in the stmsvs~em. Moon  

e~ al. 2001 preposer an approxH'na~e ~malyhca[ 

method  ~o ana lyze  m e  d y n a m i c  p rob lems  m a 

nonl inear  s~rucmre sFs~em t~sing ~hc SSM a nd  a 

h a r m o m e  ba lance  merited 
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| { o w e v e L  , n o n h n e a r  "v~bFa[lOl~ {}rob[ell} l ice{is  

m o t e  a c c u r a t e  a n a | ~ 4 <  m SOU}g I{?[O~ ~vSIe~}/S 

w h i c h  a r e  u s e d  i n  ~e~ e n g i n e  o~ a n  {m2ra f i  o r  ~ o m e  

pov,  c~ p . .  ~ n i r b i n e s  F h e  h/gh--s~;~ec~ aut~ hs h 

wench[ m e c b a m c a ~  :~v~iem> ~ead  m m o r e  COlUme> 

n o n h n e a l  v m c a [ l O [ ]  b] {no  a n a b - , -  ol  m i n i / n e a r  

< , s { e m  | h e r e  h a v e  b e e n  . ]o~ (d r e s e a r c h  w o r k ~  

a s ~  g m e  melhod o~ M S  ~{,r the ~m~ie  DO[ )I 

",ol]liileal v~h~'}illoL -yato[~L a[/}{1 H~ [?DhCa{~ 

m e  m u ~  O �9 - , s t e m  have o e e n  r e p o r t e d  

( H a q u a n g  et al  | 9 8 7 :  / 9 7 S  H o ' , ~ e v e r .  m e  s ~ u ~ y  

w h i c h  o p p h e d  / h e  o n  t h e  M S  m e t h o d  w h i c h  m 

a p p h e d  ~o u~c ~ o n l m e a r  v i b r a t i o n  : m a | y ~ , .  ~, 

t o : o r  s y s ~ e n  h a s  ~o~ o e e n  r e p o r t e d  ?e~ 

[ h e r e * o ~ e  d u s  t r o p e ,  ~ r c s e m s  u t  a ~ a [ } t l c a i  

t e c n m ~ m e  b a s e d  o n  d~e M S  d ~ e o ~  a ~ d  ll~e mode 

s ~ t p e / p o s m o ~ l  p r i n c i p l e  n~ d~e d ~ n a m ~ {  anaPv~,~, 

<, norf lh~ca~ m e c h a m c a l  s } s l e n ] s  [- t~ri ~e~morc  

u~e p H . t p o s e d  m e t h o d  e n l ~ a n c e d  m~ o r e ~ [ o u s  m u -  

~Hv~ / I W a [ S Q b o  et a[  ~'gx M o o n  e~. a ~ .  / 9 9 q  

~ 4 ~ y s l  i ' o m p a r l [ l ~  W I H ]  H I {  F, e r ~ u c b a ~ / o n  me[hod 

o~ t he  p r e v i o u s  s t u d i e s  l h e  propo>;ed m e t h o d  

~mm ap l "  cd ~o a n o n h n e a r  m e c h a m c a  -.'.,.;~em ~ 

o r d e r  , i l / u s [ r a [ e  m e  p e r f o r m a n c e  " "  m e  m m n o d  

m fe~q~cc[ -}  d ~  c o m p u t a ~ 1 o r ~ a /  d c c a r a c ~  b,,: 

t m a a r m ~  { h e  r cs td / s  obK~/ t led  ~ o m  {he o [ h e  

c o n v e ~ ] t / o l l a ~  m e i h o d s  

2o M e t h o d  o f  ~ n a J 3 s i s  

d m [ r ~ b u t e d  n a s s  d a m i c u ~  a n d  n o n l i n e a r  [mr{s.  

Fhe  f, rs~ ~0tage u ~malys{~ ~ o c e s s  ~l~erdo~u ~s ~o 

4tlb M I ~  HIe orlg|r]a{ gloi]Hlleag >yg[em i~]I< 

some ccm}ponem~ ma~ can b e  modeled ~ c p a r a [ e ~ y  

~q{h l i n e a r  and  > o r H  ~ea~ seta+ N m a / /  ~4~b~4~uc- 

mrca m a  2 b e  eas~e{ ~o m o d e l  and  w i | [  e v e m u a [ / y  

, e < u l  m .. e c o n o m i c a l  a n a l y s i s  ] , o c e d m x  

W h e n  a ~ , , , ,p ie: ,  ~arge  ~ v - e m  is m o d e l e d  v*,,~{b 

tl~e " ~ M o  {he  m i e r n a |  t h r e e  ~s cons~de~  2d  because 

e a c h  v o m p o n e l l i  <'all a e  -, m h e g l g c d  d ] r o u  h t h e  

m { e r D a /  ~orce  ~ , ~  t h e  }fl~er c o m r ) o n e m s  ct~ 

d . ~ w n  m F i g .  1. / n  d-~m c a s e  t he  m ~ e r n a l  [ b r c e s  

aC[ { ~ n  I[I{ COH]i~(}DCD[ [ } b, Dt l  C~}~ ~}ODGI][ 

2 2 b  m ~ne o p p o s i t {  - u ' c c ~ l t m  w~h lhc  s a m e  
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F'[~o ~[ s  

%/ 

< . 
- " ,~,'72 . . . . .  

i}S{ D~C> t 4 e m  

I l l a s  H l o s c  / n l c l ~ l a ~  [ i c e , ,  W H I  O~sa~;>pea l r  

~-~ ~ 4C~/  Ur l [ ~ O  ~[/C O V ( ' F  H 

. v s l e m  ~n [hi> ~tHd. ~he e x t e r n a l  ~ o r c e t  ~a w B l d  

. . . . .  ] t ]  [~IC g o [ o F ,  m m l b a / a ~ c e  n ~ c e  

2~J Modd~ ~ff ~he nonlinear s>~lem 

i he c a s m ~  a n d  l b e  Ioa~lda~lot}  u ~  e | a s ' f i c a / l ~  

c o r n  :~ [e4.  T h e  ~{}1o~ b a ~  i ~ l a t e r / a  ~o~J/l~ear~t~ 

~ O Y  d ~ l / a l ~ l / c  /Y~aQ , ~  ~ Ibis k H ~ d  }I C O H l p } e Y  

s~emo d~e S S M  c a n  bc ~ p p ~ e a  

] h e  c o o r r  ~-~em o f  II~e ~ l a r  b e a d s ~  

c a n m a  s! ' .4em ~ / t dhTed  Ms s h o ~  m }q 2. T h e  

r~ ; ~ v  L ' o o r d / J ~ a i o  i s  l l X O d  11} l h ~  [eK3FCl3C@ H ' t U l l e  

~ a b e r c  ~he x a x b ,  ~s p c ~ p e n d i c u h r  t o  d i r e c t i o n s  - 

n d ~ h e s  a x i x M o n a  I h e s h a t i  x n d ~ h e c a s m g ~  14 

ha t{  a m s  c a s ~  a c o m n o n e n ~ s  . . . .  m o d d e d  by  

u s m s  t h e  F K M .  T h e  ~o~o - ,  s~em ~;:., ~ssmned to  ~"" 

cxu~ ed  b y  ~he u n b a l a n c e  ~orce.  T h e n  a ~ n m n p t i o n  

CKC/I  ~/~{}l/ ~OFCOE ~t~ ~}{~ CCC@~/I[ [C I~aSN }},  t i  

I ~ M ; I S C O  H ~ i h e  f O i O F  ~f~toHH:7 ~c C e ~ l [ e r  a F #  

g [  ~r D }  

I < ,  9 .  t ;  1 i~ m . "  {~': sm 

~ 3  



l)  not~Uc AnnA,sir  - /  HarmonicaIL~ E x c # e d  N o n  Lone ~r %,.were L/s'&~g Malt&de S~ca/es " ?deghod 871 

w h e r e  r and ~2 are the  phase  q u a n t i t y  and  tire 

ro[a~me f r equency ,  r e spec~veD Fhe exci{atio~ 

~ree  b' m e  eccent r ic  mass  o f  the  r o t o r  ca~ he 

}reared as  a h a r m o n i c  excHa~on  /n general ,  the 

r e s p o n s e  s h o w s  well  the n o n l i n e a r  cha rac t e r i s t i c .  

~'~ear na tu r a l  ~requei~cies o f  in the n o n l i n e a r  sys- 

tem_ as obse rved  m t l a e  s ingle  1 ) ( )~-sys tem kspe  

iMly In Hie ro tor  sys tem.  ~ne dym~ nic b e h a w o r  

a r o u n d  d~e cr idcM speed  ~s very m~portan~ whe re  

mos~ .fi  the  ~roubtes  o c c m  Fhere~ore. i~ ~eeds  to 

,~ass lhe cri t ical  /;peed q u i c k l y  Wt|hou~ t r oub t e s  

t:lecause ~f  ~hese r ea sons  the e x c m n g  f requency  

~ro~lnd the  firsl na tu ra l  fi-e~ttlenc} o f  t he  sys tem 

..... m i d  taken  into a c c o u m .  

2~ M~deling of nonlinear eomponen~ 

Whe~  l h e  ro~o~ is m o d e l e d  by  the KEM. d}e 

n o n l i n e a r  c ~arac~ertst~c ol t/~e r e s to r ing  lorce  ~s 

r ega rded  ~ n o n l i n e a r  d i s p l a c e m e m - d e p e n d e m  

stiffness.  B~ cons ider in9  lhe  b o u n d a r y  c o n d m o n ~ .  

~he eq ~a~ion o f  m o t i o n  f o r  t h e  n o n h n e a r  c o m p o -  

nero cm~ be wrHmn as M o o n  e~ al t999; 200! 

M {  ii } + { ~ K  { ~ze } + e I K N  I ~ze ~ 
{2 

where  ! I M  ~ K |  a n d  /D;%- { ~z~ :~ ~ a re  d-m m a s s  

stif'l?~ess mat r ices  and n o n l i n e a r  te rm respec~iveb 

l];~s([) }. { ~F]n } a re  all ex te rna l  t m b a l a n e e  force  

veclog by m e  ~t) lor aml  an m [e rna l  lbrce vector .  

e:~pect/vely, e ts a sma~ p a r a m e t e r  Fhe 

su perscr~p~ deno te s  the n o n l i n e a r  c o m p o n e n t .  ~Ihe 

d l s p ] a c e m e n t  ~ec~or can be w r m e n  :s 

{ ~ g # } = ' { )  u.~. Ye. UviU. e = : I o Z  .--, s~ i3 

S h e  e r ocr Y i  a n d  {J~, are the  d~sp lacemems  and  

ro~a~mns m the v d i r ec t ion  and  , -d i rec t ion  at  

the i - t b  noda l  pOmL and  ~ the  n u m b e r  ot  nodes .  

~'xacl~y to say, v ib ram)~  m o d e s  o ~, nonlmea~ 

~yskm~ are s h g h t l )  dit 'tErent f i o m  l/~ose o f  a l inear  

?s~em B m  ~o~ sHnplici ly o f  ana lys t s ,  {hey are 

a s s u m e a  to keep [nose  ol  ~ l inear  one.  A c c o r d  

ingl? m e  m o d a l  c o o r d i n a t e  .,,s~em .:a~ be 

o b | a i n e d  u s ing  lhe  m o d a l  maw~x ~ . / -  T h e n ,  ~he 

Eq. (2 can  he t r a n s l b t m e d  m~o lne m o d a l  coo>. 

tin, ate x ~ )  s} s tem as lo l lows :  

ct ~/;,{0. t )  }+~ */;, t 

where /%}(=l~r < F , , ( t ) ' I  , z < , t z  

[ ~  r{ t;% } a~e the  ex te rna l  and  in t e rna l  lo rces  

m m o d a l  c o o r d m a l e s ,  respect ively Since ~ r 

K ~ , / {  ~e~ :~ } ,=, not  a d/agor~al mmr~x m~s ~erm 0~ 

c h a n g e d  in to  m o d a  coordb~aIes  m a c c o m a n c e  

With the r e a s o n a b l e  p r o c e d u r e  M o o n  e~ aL l~a0~4 

2001~ Then .  a n o n l i n e a r  m r m  can he der ived  as 

~q 'X';,~j{ & } 

ttereo lhe  per turbal tor~ a te thod  ~s m l r o d u c e d  l - 

<- lye  ~he n o m m e a ~  eqtiaHor~ m }~( Fhe 

va r i am g{ *~,~ ca~ he r ega rded  ,~s lhe oc- 

r m r b a ~ o n  p a r a m e t e r  ~erm because  ~t ~s relat/vel~z 

sma l l e r  t han  I ~e~J~ Fhus  ~ c a n  ~e exoar~ded 

m ~erm- o1 ~ lo l lows  

whe re  lhe st~perscrim d e n o t e s  t h e  oermrna--  

t ton  o rde r  B~ ~ubs t iml ing  k q  o rain {.:r 5/~ 

and  arrat?gir~g by & }he p e r t u r b e d  eqt, a ~ o n s  c a .  

b e  w r l t l e n  4> 

where  . f~yn}. ~ s  arm { V~F'} arc: p e r t a i n e d  

ma: r na /  forces, i f ,  s,1 a n d  f~,~ inc lude  d~e 

n o n l i n e a r  -,tiffnes~ term. { ~/),~ (~ ~ ' / l  .......... " /e  

{ ~2 ~'na L { 'JT, Z '  #< ' ,  * ~ "  } = {  ...... ~ z..- t  g ...... 

r m r b e d  m o d a l  d i s p l a c e m e n t  te rm whtch  :nine 

f rom {he p e r l u r b a H o n  zero- ~h o r d e r  a n d  pe,- 

r m r b  t ion first  - , l e t .  

2.3 Mede|ing of  Ih~ear. a s s e m M i ~  

eomponenls and e~erall s y s t e m  

}'he ca>inS is mode led  as a l inear  s u b s t r u c t u r e  

Wifl, m e  e , g e n v a l a e  anal>sis ,  the e q u a a m ~  o 

m o t i o ~  b l  the  moda l  c o o r d i n a t e s  can be  ~b{amed 

as loHows:  

l ,  f g } - ~ - - [ % ~ f q I ~ } = c { L } §  
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w h e r e  -@ a n d  ] ,  tre r  o f  b n e a r  

s i n > s t r u c t u r e  a n d  ~ d e m w  m a [ r / x  ~espect~ve], .  m { l  

r ] m e  e x t e r n a l  / o r c e  v e c t o ~  K ~ e n  Q~ou}2h t h e  

c'asin Z componen~ is n [ i e a r  s v s f e m  m l s  ctm]po.,.  

ne ro  s p e r t u r b e d  l h e  s a m e  as  m e  n o M m e a r  c o m -  

p , ~ n e m  b e c a u s e  t h e  hit , .her ) r d e r  , , r  

)SCI{{alIOl] ~v}~l{~[~ OCCnl'Ts II1 [~}e []Ol][{nOa[' co~v~- 

P o n e m  /s ~ ramdated  lhroug. l~ lhe  l"t/gher order 

o e r [ u r b e (  <uua~u)n m I;.o o 

w h e r e  t :~A /nL  { ~l],cJ}} ~ x( ,~: /  . anr arc [ he  pc> 

I 'Hl rbet ]  i l l te r l~a l  ~tllce,~ 

I~al) })ear{~/~2t. a t e  co / ' l s ldeFed  ~s  ;trl {15b~ell]b s/~k{ 

c o m p o n e n t  D a m p m ~  m ~be b e a r u  Z. ~s igno~e{~ m 

d'l~ ~ l t M v  l { w  m e  S l l i ] D l i C i l ~  e'~i b l 2 a l r l | ] g  f l o d c ~  / r l  

o r d e l  l t l  ~ 7 r l /  /110 et]~ccl .)f n o n l i n e a r  r e s l o r u ] ~ _  

{ O F C C  / ' h c  / ' e k l o F / [ / ~  I t } I c e  tJ /  t i l e  [ ) t , ~  J i 1 / ~  ,~ 

Ill{)tls l e d  c ~  

/ ,' ,  - v , .  ={ ' t  . ~ , < {  ~,,} . . . .  

b "~ .... !{ * L  Y. { *L, Y { . ~M"Y. { "/, 

S'}= {/<::'G' f ":,,,~>V .! ee 

? i-i }'.{ %" i , , ' Y  ~ l .  

In l r d e r  ~,, a p p l y  m e  S S M  ~ ,_  m c ~ o a u c e  l h e  

q ' a{ ' i s~orma/ /{m m a t r i x  Wl:l~C}l ,-  c~m~po,sed 

&,,,] e=~ k 2}. a n d  d~e e~eenvec~{  r m a ~ H x  o f  ~c  

~ s s e m b h n g  r c e ~ o n  M o o r e  et  al , .  1999. 2OOl By 

S B B S ~ H U ~ I ~ e  l h e  JFal]s~<}rw~al{ol] m a t r i x  l ~ o  I ' q  

3 a n d  p r e  m u l l } p l y i n g ,  h e  o v e r M J  e q u a ~ m  q 

{~ltle/  s ,'u~ Dr: ex "~re:ased a s  

:;:: ~ r tF l  

<OF 
14~ 

,~ ii, = [ d~,./W?t,u,] M 
7 T 

Fhe cx~e~ m~ f b r c e  w~lJl o r d e r  5 "~'' s o b t a i n e d  as 

w h e r e  s ~:~ / ~ :~rc b e a r m  Z c o e f l ] c i e n <  

~]OD~i~cg~ ComOr al]d bnear o[T]pol]erl[ re~ 

p e c t  v e l ) .  ; m a  { ' -- ~ I h e  r e h d v e  ~ m p l a c e m e n t s  

b e l w e e n  t h e  r o l o r  m{~ c a s i n g  c o ~ r e s p o n d m p  io t h e  

b e a r ~  ~ ~ o r d e r  l o  - e l y {  m e  o v e r a l l  e< m . . m  

t n e  s m a l l  o s  .- se l  c>,ua no u'~t .,c 

r ~ l r b a ~ o n  p a r a m m c r  o/ l h e  n o n l i n e a r  c o r n p { m e m  
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[ o  OD~ain H~e eqHa;io~] ,, peHu[ba[{o1] iK~ I  

~ri~el o~ M.% m e f h o 4 .  IHl]e s c a l e  is l n t l o d ~ l c e d  ;is 
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[ h e  l f e q u c l l c y  F@SDORSC Of l h e  ~(}:qc'H] {o H~ 
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A c c o r d m ~ z  H~ ~hc M S  t h e o r y ,  ~b q ~ b s l h u H n g  

{4 Ig  , a n d  EE ( 1 9  m ~ o  E q  171. t h e  e q u a -  

Ho~ c'a[l be  e x p l e s s e d  m l h e  ,1111111 D O I :  ~ o r m  flw 
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8~4 B) uag .  }'%ung MOo~a and Beom-Soo Kang 

d~e z&, ;vx. --~+. :={} r e i a h o n  w h e n  [he  n o n l i n e a r  

r e s t o r i n g  l o r c e  ~s t r a n s R ~ r m e d  i n t o  m o d a l  

c ~ . ~ r d i n a t e s .  T h e  p a m c u l a r  s o k m o n  o f t h e  s i n g l e  

| ) 0 1  Z+'~ H of E q  2 I b e c o m e s  

a iX)) 

|}3 s u b s t ~ u ~ m s  k q  19 aad E q  24 i )n~ m e  

t h , r d  e q u a t i o n  m Eq.  / 7 ) .  the  e q m m o n  c a n  b e  

a r r a n g e d  m a sHn u e  {o rm.  i J ~ i n a  s e c u l a /  ~erm 

m e  ) e r m s  o~ /c,)~ 7~J. d~e s i r t g i e  D O [  e q a m ~ o n  

c a n  b e  o b t a i n e d  a s  R d l o w  

o b t a i n e d .  Fhe r e s p o n s e  10r  ~he s t o g i e  D O P '  c a n  be 

n.xl}ressed 

.... ++,co,x~sap ~: S ~ a T c 0 s { 3 O b - 3  "~ ' 28 
{2 7 

.vnere  > - o b t a i n e d  D o r a  @ e  E q  ( 2 6 }  T h e  d i n e  

~ e s p o n s c  ~,, l h e  e q u a [ ~ o n  o i  m o r i o n  2an b c  

o b t a m e u  b~ c b a n g i r i g  k q  28 m~o p h y s i c a l  
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4 .  N u m e r i c a l  E x a m # e s  

.... ") s ,2  ,GtO, A t A H  [~ A+A, 

kz%,a - }3 S ~ A ~ / .  ex~(ea7;  25 

I:LGAdexp i#7;  ucv==u 

w h e r e  A~:= ~4 a'i exp{i/d~), By u b s m m m ~ / 1  m~o 

Ho 25} .  l h e  e h u a d o n  c a n  b e  r e w r m e n  m ~erms 

�9 - H-~c r e a l  p a n  a n d  m e  m m g m a r y  p a r L  W h e n  

~he v i b r m ~ o n  ~s ~ l e a d y  s m m  a n d  lhe  r e t a l i o n  ?~ 

~/~' ~ 
( ~i+~ ........ ~ : L ) , A + s  {).~A=O ~s c o n s i d e r e d  II~e 

c q g a n o n  b e c o m e s  

H e r e  m e  v e s p o ~ s e  a n a l y s t s  ,~ p r e s e m e d  H} 

d e m o n - K a ~ e  d~e a p p / i c a H o n  o~ l h e  p r ~ p o s ~  
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\ n o n h n e a r  r o t o r  - v s l e m .  w h i c h  m qh ~wn m 

I;'~g. > ~s c o n s i d e r e d .  I ' h e  rcm>+ m (  tt~e c a u n g  

t re  c o n s i d e r e d  ~o be  a u n i l b r m  b e a m  , p p r o  

xm~ate t}  ~o~ m e  s ~ m 9 l i c i l  5 o f  e M c u l a t i o n  T h e  

r o s s - c o u p l i n g  ~erms  m ~ e  b e a r i n g  a r e  i ~ n o r e d  
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I m e a r i L y  I ' h e  p r o p e r t i e s  o f  m e  r o t o r  s y s t e m  a r e  

t a b u l a l e d  m F a b l e  I 

4t0 32o~ 

s ......... % / ~ + u . / ) c  ....... /s 

Where C;~:; I =- ! Wh =" @ l d l  ~.~ [~fft7 [~;~ ~7/'~' 

s !>SR, 
b: ~ . . . . . . . . .  < b 

4., 32m7 

~'s �9 
/7"e = (~ ~dua/: .R(o 

}by e l i m i n a t i n g  t h e  [ e rm y ~ r o m  t h e  E q  2 6 ) .  

m e  p o l ~ n o m m I  c ~ t i a ~ i o n  o[ ~?x ~ ~ b l a i n e d  as  

/ o l l o w  ~ 

E C : . ( ~  ~. . .  c . , . .  tk ..... = o  ...... l=' ,o 27 
=t} 

F h e  0"e~ u c n c }  ~ c s p o n s c  o t  t h e  .ys~em ~( d~e 

p e ~ t u r b a H o r  s e c o n d  o r d e r  ia o b t a i n e d  hy  s o l v i n g  

Eq 27 f f r o m  @ e  Eq .  2 7 ) .  t h e  s o l c l t i o n  o f  t h e  

, : t .ma~mn o~ m o r i o n  [o t h e  f i r s t  o r d e r  o l  ~ ~s 

~'~,~e I Pr~ oer t /es  o~ t h e  ro to r  -},Mr 

Roio~ ( ' asm g leng@ mm 16 X m~, 

Roto~ amme~e~ m m  3 0 X / { Y  

t asmt~ d~amelc~ mm / . 0  X I(Y 

Y o t m a  s n~odL~kts o~ r o t o r  
~ N / m  ~' i /  

i4~ (I cas~u~t 

I )e~s ty } f  ro lo~  a n d  
K~ m"~ g l  X 10 + 

Casin~ 

Bea r ing  coc l}cmm N m~ 6 / @ X | 0  '~ 

C o n s l r a m  coeff lc ien~ N m . 0 x  IO ~ 

I }TEZ_ 

s163 Rag; ~r 

Fig.  3 M o d e |  ~m ~ \ n a l , s ~  
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m e  e m h l  b e a m  e l e r n e m s ,  l l l e  m o d a l  d a m p i n g  

t a H o s  <d d i e  r o t o r  a y s t e m  a r e  . . . .  = O d ) 5  T h e  

e x t e r n a t  u n b a l a n c e  ' h r c e  w~th a s  v a l u e  n 5 0  is 

a c t e d  o n  d i e  5 t h  n o d a l  p o m ~  o f  s u b s t r u c t u r e  1 

' [ 'he p e r l u r b a H o n  p a r a m e t e r  R~r t h e  n o n h n e a r R y  
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i .  ~m ~. d~e l i m i ~ a l i o n  o ll?e n - m l n p t e  s c a l e s  

m e l h o d +  

l qgu re  4 s h o w s  t h e  ~ r e q u e n c 5  r e s p o n s e s  w h i c h  

a r e  c a l c u l a t e d  b y  p e r i u r b a l o n  f i r s t  o r d c ~  approx~  

m l a l l o n  a l  ~he  n o d a l  p o i n t  5 o f  s a b s { r u c m * e  I 

whel~ ICa~Dgi[ln~! 3 m o d e s  a n d  {o{a/  m o d e s  ~• 

modes  

F i g u r e  5 s h o w s  the  f r e q u e n c y  r e ~ p o n s e s  which  

a~e  c a l c t d a [ e d  b y  p e r , ~ r b a n o n  s e c o n d  o r d c q  ap.-  

"~' <e2 

Fig. 4 
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~M'OX I IQ]I I / I  O/ ]  

t .5 

lk l /~}2 nr~l  l r t l e l  / p  

E 

g ~J~ 

p r o x l m u H o n  a, l he  ~oda l  p o i n l  5 o f - n r ~ s G a c l u r e  

I v~,hen ac lop t l n f~  5 m o d e s  a n d  l o /a l  nlotle-, /g 

m o d e s  

1~ c a n  b e  o b s e r v e d  tha~ m e  ~ r e s e m e o  m e l h o d  

~ h o ~  r e / a l / v e l v  a c c u r a t e  f r eq :~enc~  ~ e s t ? o n s e s  b y  

acJupHllg ~ n o d e s  c o m p a r e d  w l l n  r e s p o n s e s  o~ 

a d o l ~ m g  a l l  m o d e s .  } r e i n  lhis r e s t m  il ~ b e h e v e d  

ha~ t h e  n o n l i n e a r  r e s t o r i n g  ~ o r c e  ~eH~ c a n  be  

e a s i l y  f r a n s f o r m e d  r o l e  r n o d a /  c o o r d T n a t e s  w h d e  

r m a m / n g  , i s  ~ c c m a u y  wi{I1 *Is | o v  e~ l B o ( . l e s  a c  

c o ~ d m 7  l o  / h e  p r o p o s e d  ~ r o c e d u r e .  1 o e ' , a m a ~ e  

t h e  p r o p o s e d  l . e c h l l , q a e ,  l n e  r e s p o n s e ;  n e e d ,  n e  

compal'GO kvqr/ */le o l h e r  r e p ~ c s e m a t i v e  n o l l l / f l e a f  

~ m a ~ y z i n g  n l e H l o d .  S~icn as d l r e c g  H l [ e a r a H o n  

m e t h o d ,  r i s i n g  t h e  F E M  m e  e f l u a H o n  o f  m~ r o~ 

, d  r o l o r  s? s t e m  w h i c h  - {Nllll {)O5G11 "~* r o l o r  
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Fig ,  5 F r e q f ~ e n c y  ~esponse  b y  i i n g  s e c o n d  0rde~ 

a p p re  x i m a~ i o n 

/ / , 5  

Fig; 6 COmparison o~ Frequency response by using 

first Order ~pptoxirr~atioll 
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